PREFACE

CONTENTS OF VOLUME I

INTRODUCTION .

CHAPTER I. PRELIMINARY EXPLANATIONS OF IDEAS AND NOTATIONS .

CHapPTER II. THE THEORY OF LoGIcaL TyYPEs

CaaprER III.

PART L

INCOMPLETE SYMBOLS

MATHEMATICAL LOGIC.

Summary of Part I .

SEcTiION A. THE THEORY OoF DEDUCTION

*1.
*2.
*3.
*4.
*b.

SEcCTION

*9.

*10.
*11.
%12,
*13.
*14.

Primitive Ideas and Propositions .

Immediate Consequences of the Primitive Proposmons
The Logical Product of two Propositions

Equivalence and Formal Rules

Miscellaneous Propositions

B. THEORY OF APPARENT VARIABLES

Extension of the Theory of Deduction from Lower to Higher
Types of Propositions. .

Theory of Propositions contammg one Apparent Vd,na,ble .

Theory of two Apparent Variables.

The Hierarchy of Types and the Axiom of Reduc1b1hty

Identity . . . . .

Descriptions

SEcTiON C. CLASSES AND RELATIONS

%20.
*21.
*22.
*23.
*24.
*25.

General Theory of Classes

General Theory of Relations .

Calculus of Classes .

Calculus of Relations

The Universal Class, the Null- Class, and the Ex1stence of Cla.sses

The Universal Relation, the Null Relation, and the Existence of
Relations : :

PAGE

39
69

91

94

95
102
114
120
128

132

132
143
157
168
176
181

196

196
211
217
226
229

241

xil

SECTION

*30.
*31.
*32.

*33.

*34.
*35.
%36.
*37.
*38.

SECTION

%40,
*41.

*42.

%43,

PART II

CONTENTS

D. Logeic oF RELATIONS .

Descriptive Functions

Converses of Relations

Referents and Relata of a given Term Wlth respect to a given
Relation .

Domains, Converse Domams, and Flelds of Relatmns .

The Relative Product of two Relations

Relations with Limited Domains and Converse Domalns

Relations with Limited Fields

Plural Descriptive Functions .

Relations and Classes derived from a Double Descnptwe hmctxon

Note to Section D .
E. Propucrs AND SuMs oF CLASSES

Products and Sums of Classes of Classes

The Product and Sum of a Class of Relations
Miscellaneous Propositions

The Relations of a Relative Pmdm,t to its 1<actozs

PROLEGOMENA TO CARDINAL ARITHMETIC.

Summary of Part IT

SECTION

%50.

*51.

*52.

*53.

*54.
*55.
*56.

SEcTION

SECTION

*70.

*71.
*72.

*73.
*74.

A. Unir Crasses aND CoUPLEs

ldentity and Diversity as Relations
Unit Classes .

The Cardinal Number 1 .

Miscellaneous Propositions involving Umt (Jla.sscs
Cardinal Couples

Ordinal Couples .

The Ordinal Number 2, .

B. Sus-Crasses, SUuB-RELATIONS, AND ReraTIvE TyPES

The Sub-Classes of a given Class .

The Sub-Relations of a given Relation .

The Relation of Membership of a Class

Relative Types of Classes .

Relative Types of Relations .

On the Typical Definition of Amb;guous Symbolb

C. ONE-Maxy, MANY-ONE, AND ONE-ONE RELATIONS .

Relations whose Classes of Referents and of Relata belong to given
Classes.

One-Many, Many- One, and One One Relatlons

Miscellaneous Propositions concerning One-Many, Mcmy Oue, (md
One-One Relations

Similarity of Classes

On One-Many and Many- One Relatlons w1th Lmnted Flelds

PAGE
244

245
251

256

346

347
349
366
363
368
376
383
395

404

406
412
414
419
429
434

437

439
446

462
476
490

atr— e



SECTION

*80.
%81

*82.

+83.
*84.
*85.
*88.

SECTION

%90.

*91.
*92.

*93.

%94.
%95.
%96.
*97.

CONTENTS

D. SELECTIONS .

Elementary Properties of Selections
Selections from Many-One Relations
Selections from Relative Products .
Selections from Classes of Classes.
Classes of Mutually Exclusive Classes .
Miscellaneous Propositions

Conditions for the Existence of Selectlons

E. INDUCTIVE RELATIONS

On the Ancestral Relation

On Powers of a Relation

Powers of One-Many and Many- One Relatlons
Inductive Analysis of the Field of a Relation
On Powers of Relative Products

On the Equi-factor Relation .

On the Posterity of a Term .

Analysis of the Field of a Relation mto l‘amlhes

xiii

PAGE
500

505
519
524
531
540
549
561

569

576
585
601
607
617
626
637
654

PREFATORY

PART III

Summ:

SECTION A.

%100.
*101.
*102.
*103.
*104.
*105.
+106.

SecrioNn B.

*110.
*111.
*112.
*113.
*114.
*115.
*116.
*117.

CONTENTS OF VOLUME II

STATEMENT OF SYMBOLIC CONVENTIONS

CARDINAL ARITHMETIC.
ary of Part III

DEFINITION AND L0GICAL PROPERTIES OF CARDINAL NUMBERS .

Definition and elementary properties of cardinal numbers
On 0 and 1 and 2

On cardinal numbers of assngned types

Homogeneous cardinals .

Ascending cardinals

Descending cardinals

Cardinals of relational types

ApDITION, MULTIPLICATION AND EXPONENTIATION

The arithmetical sum of two classes and of two cardinals
Double similarity . .

The arithmetical sum of a cla.ss of classes

On the arithmetical product of two classes or of two ca.rdmals
The arithmetical product of a class of classes

Multiplicative classes and arithmetical classes

Exponentiation

Greater and less

General note on cardinal correlators

SectioN C. FINITE AND INFINITE .

%118,
*119.
*120.
*121.
122,

*123.
*124.
%125,
*126.

Arithmetical substitution and uniform formal numbers
Subtraction

Inductive cardinals

Intervals.

Progressions .

N -

Reﬂexxve classes and cardma.ls

The axiom of infinity .

On typically indefinite inductive cardmals

PAGE
ix

13
19
24
36
42
52

66

75
88
97
105
124
135
143
171
185

187

193
201
207
233
253
268
278
289
293



vi

CONTENTS

PART IV. RELATION-ARITHMETIC.
Summary of Part IV

SECTION A. ORDINAL SIMILARITY AND RELATION-NUMBERS.

*150.
*151.
%152,
*153.
*154.
%155.

SectioN B.

%160.
*161.
*162.
*163.
%164.
*165.
*166.

Secrion C.

#170.

*171.
*172.
*173.
*174.
*176.
*177.

Internal transformation of a relation .

Ordinal similarity . .
Definition and elementary propertles of relatlon numbers .
The relation-numbers 0,, 2, and 1,

Relation-numbers of assigned types

Homogeneous relation-numbers

ADDITION OF RELATIONS, AND THE PRODUCT OF TWO RELATIONS .

The sum of two relations

Addition of a term to a relation .

The sum of the relations of a field
Relations of mutually exclusive relations
Double likeness .
Relations of relations of couples .

The product of two relations

THE PrRINCIPLE OF FIRST DIFFERENCES, AND THE MULTIPLICA-
TION AND EXPONENTIATION OF RELATIONS

On the relation of first differences among the sub-classes of a
given class .

The principle of first dlﬁ‘erences (contmued)

The product of the relations of a field

The product of the relations of a field (continued)

The associative law of relational multiplication.

Exponentiation

Propositions connectmg Py w1th products and powers

SEcTION D. ARITHMETIC OF RELATION-NUMBERS .

*180.
*181.
*182.
%183.
*184.
*185.
%186.

The sum of two relation-numbers .
On the addition of unity to a relation- number .
On separated relations .

The sum of the relation- numbers of a ﬁeld

The product of two relation-numbers .

The product of the relation-numbers of a ﬁeld
Powers of relation-numbers .

PART V. SERIES.
Summary of Part V.

SEcTION A. GENERAL THEORY OF SERIES

%200.
%201,
%202.
*204.
%205,
%206.
*207.
*208.

Relations contained in diversity .
Transitive relations

Connected relations

Elementary properties of series
Maximum and minimum points .
Sequent points

Limits

The correlation of series

PAGE

301
303

306
319
330
334
339
344
347
351
357
362
369
376
386
396

403

411
423
428
443
447
458
471
473
477
482
487
496
501
505
507

513
516

518
525
533
547
559
577
594
605

SecrioNn B.

%210.
*211.
*212.
*213.
*214.
*215.
*216.
*217.

Secrion C.

%230.
*231.
%232,

%233.
%234,

CONTENTS

ON SECTIONS, SEGMENTS, STRETCHES, AND DERIVATIVES .

On series of classes generated by the relation of inclusion
On sections and segments

The series of segments

Sectional relations

Dedekindian relations

Stretches

Derivatives

On segments of sums and converses

O~ CONVERGENCE, AND THE LiMits oF FuNCTIONS .

On convergents

Limiting sections and ultlma.te osulla.tlon of a tumtlon

On the oscillation of a function as the argument approaches a
given limit .

On the limits of functlons

Continuity of functions

ab

vii
PAGE
612

615
624
651
668
684
691
700
710

715

720
727

737
745
753



CONTENTS OF VOLUME III

PART V. SERIES (continued).

SEctioN ). WELL-ORDERED SERIES

%250.
*251.
*252.
%253,
%254,
*255.
%256.
*257.
*258.
*259.

SecrioN E.

*260.
*261.
*262.
*263.
%264,
%265.

Skcrion F.

*270.
*271.
*272.
*273.
*274.
*275.
*276.

Elementary properties of well-ordered series
Ordinal numbers

Segments of well-ordered series

Sectional relations of well-ordered series
Greater and less among well-ordered series
Greater and less among ordinal numbers
The series of ordinals .

The transfinite ancestral relation .
Zermelo’s theorem .

Inductively defined correlatlons

FINITE AND INFINITE SERIES AND ORDINALS

On finite intervals in a series
Finite and infinite series

Finite ordinals

Progressions .
Derivatives of well- ordered series
The series of alephs

CoMpacT SERIES, RATIONAL SERIES, AND CONTINUOUS SERIES

Compact series

Median classes in series

Similarity of position

Rational series

On series of finite sub-classes of a series
Continuous series . .
On series of infinite sub- cldsses of a series

PART VI. QUANTITY.
Summary of Part VI

SECTION A. GENERALIZATION OF NUMBER

+300.
+*301.
*#302.
*303.

" Positive and negative integers, and numerical relations

Numerically defined powers of relations
On relative primes
Ratios

PAGE

18
27
32
44
58
73
81
96
102

108

109
118
131
143
156
169

179

180
186
191
199
207
218
221

233
234

235
244
261
260

viii

*304.
*305.
*306.
*307.
*308.
*309.
*310.
*311.
*312.
*313.
*314.

SectIoNn B.

*330.
*331.
*332.
*333.
*334.
%335.
*336.
*337.

Secrion C.

%350.
*351.
*352.
*353.
*354.
*356.
%359.

CONTENTS

The series of ratios .
Multiplication of simple ratios
Addition of simple ratios

Generalized ratios .

Addition of generalized ratlos
Multiplication of generalized ratios
The series of real numbers . .
Addition of concordant real numbers .
Algebraic addition of real numbers
Multiplication of real numbers

Real numbers as relations

VECTOR-FAMILIES

Elementary properties of vector-families
Connected families

On the representative of a relatlon in a famlly .

Open families
Serial families
Initial families
The series of vectors . .
Multiples and submultiples of vectors

MEASUREMENT

Ratios of members of a family
Submultipliable families

Rational multiples of a given vector
Rational families

Rational nets .
Measurement by real numbers
Existence-theorems for vector-families

SectioN D. Cycric FAMILIES

*370.
*371.
*372.
*373.
*374.
*375.

Elementary properties of cyclic families
The series of vectors

Integral sections of the series of \ectors
Submultiples of identity

Principal submultiples .

Principal ratios

PAGE
278
283
289
296
299
309
316
320
327
333
336

339

350
360
367
376
383
390
393
403

407

412
418
423
431
436
442
452

457

462
466
470
475
485
487




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


