FACTORING HIGHER DIMENSIONAL SHIFTS OF FINITE TYPE
ONTO THE FULL SHIFT

AIMEE JOHNSON AND KATHLEEN MADDEN

ABSTRACT. A one dimensional shift of finite type (X, Z) with entropy at least log n factors
onto the full n-shift. The factor map is constructed by exploiting the fact that X, or a
subshift of X, is conjugate to a shift of finite type in which every symbol can be followed by
at least n other symbols. We will investigate analogous statements for higher dimensional
shifts of finite type. We will also show that for a certain class of mixing higher dimensional
shifts of finite type, sufficient entropy implies that (X, Z<) is finitely equivalent to a shift
of finite type that maps onto the full n-shift.

1. INTRODUCTION

An important question in the study of dynamical systems is the question of when one
system can occur as the factor of another. For one dimensional shifts of finite type there are
a variety of results addressing this issue. For example, the full shift on n symbols is in some
sense the simplest of the one dimensional shifts of finite type with entropy at least logn
since it is a factor of each of them ([LM], Chapter 5). In this work, we will give a sufficient
condition for a higher dimensional shift of finite type to factor onto the full n-shift; however
it remains an open question whether entropy alone is sufficient in higher dimensions.

In the literature, extending one dimensional results to higher dimensions has often re-
quired additional mixing assumptions. For example, R. Meester and J. Steif [MS] extend
the well known one dimensional characterization of entropy preserving maps ([LM] Theorem
8.1.16) under the assumption of strong irreducibility. S. Lightwood [L] extends W. Krieger’s
topological universal model results [Kr] to higher dimensional mixing, square filling shifts
of finite type. E. Robinson and A. Sahin [RS] extend W. Krieger’s measurable universal
model results [Kr] to higher dimensional shifts of finite type satisfying the uniform filling
property. Strong mixing conditions may be necessary in higher dimensions; in particular,
it is known that Robinson and Sahin’s measure theoretic result does not hold under the
assumption of topological mixing alone [QS].

We will introduce a mixing condition called corner gluing which is stronger than topolog-
ical mixing but which is implied by each of the mixing properties mentioned in the previous
paragraph. We will show that when a higher dimensional shift of finite type with sufficient
entropy is corner gluing, then it is the finite to one factor of a shift of finite type that factors
onto the full n-shift.

2. BACKGROUND
Let A ={1,2,...,n} be a finite alphabet and consider the compact metric space X[‘il] = AZ°
For each ¥ € Z%, let 2y denote the symbol in position ¢ in array z € X[‘fﬂ. Let
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be the continuous Z%action defined by
(0a(z, 9))s = Titw

for all ¥,@ € Z% and all z € X[‘fl]. We call o, the d-dimensional shift map and (X[‘fl], oq) the
d-dimensional full n-shift. When it causes no confusion, we will denote the d-dimensional
full n-shift by (X[, 04)-

If X is a closed, shift invariant subspace of X [‘fl > we call (X,04) a d-dimensional subshift
or shift space.

For z € X and B C Z% we will denote the configuration of symbols appearing in z in
the locations determined by B as xp. We define S(X,B) = {zp : z € X}. Thus S(X, B)
is all configurations occurring in the locations determined by B in any z € X. We also let

B, ={(a1,a1, - ,aq) ez la;] < m for 1 <i<d}
andforEENd,
Dy = {(a1,a1,--- ,aq) ezl 0< la;| < k; for 1 <17 < d}.

We will let D,,, = Dy when k; =m for all 1 <7 <d.

Given a shift space (X, 04) and an integer M > 0, we define the M-th higher power shift
space XM by “chopping up” arrays in X into M? blocks. That is, the alphabet of XM is
S(X,Dyp) and we let v : X — XM be defined by v(z)5 = zp,, +m for all ¥ € Z9. The
M -th higher power shift map, O'(]iw, is the map defined by

(0 (V(@), )5 = V()55 = LD+ M(F+)
for all 7, € Z% and all z € X.

A d-dimensional shift of finite type is a subshift (X, o04) defined by a list of allowable
configurations on B,, for some m > 0. We will call a configuration of symbols on an
arbitrary set B C Z¢ allowable if all configurations on subsets B,,, + 7 C B are allowable.

By moving to a higher block presentation if necessary, a d-dimensional shift of finite type
can be described by adjacency rules given by d zero-one adjacency matrices A1, Ao, ..., Ag;
symbol o may appear next to symbol 3 in the e; direction if and only if A;(«, 8) = 1.

A block map ¢ : X — Y between shift spaces (X, 04) and (Y, 04) is defined by a mapping
® between S(X, By,) for some m and the symbols occurring in Y. If & : S(X,B,,) —» A
where A is the alphabet for Y, then ¢(z); = ®(zgyp5,,) for all ¥ € Z9. Tt is easily verified
that maps between shift spaces are continuous and commute with the shift map if and only
if they are defined in this way. If a block map is onto, it is called a factor map and we say
that X factors onto Y. If a factor map is one-to-one, it is called a conjugacy and conjugate
shift spaces exhibit identical dynamical properties.

Difficulties arise in higher dimensions which do not occur in the traditional one dimen-
sional case. For example, given a single adjacency maftrix, it is relatively easy to determine
whether the corresponding one dimensional shift of finite type is non-empty. In higher
dimensions, the question of whether there are any arrays of symbols satisfying the adja-
cency rules given by the adjacency matrices is referred to as the non-emptiness problem
and is undecidable [B], [R]. We will avoid these issues by assuming that any block which is
admissible according to the adjacency rules can be extended to an array = in X.

Extensive background material on one dimensional shifts of finite type can be found in
[LM] or [K]. D. Lind and B. Marcus also provide a good overview of higher dimensional
shifts in Chapter 13 [LM]. A paper by A. Quas and P. Trow contains many interesting
general results about higher dimensional shifts of finite type and their subshifts [QT].
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3. FACTORING ONTO THE FULL SHIFT AND THE CORNER CONDITION

We next give several definitions which will lead in Theorem 3.2 to a sufficient condition
for a shift of finite type of any dimension to factor onto the full n-shift.
Let = (1,1,...,1) € Z% A d-dimensional corner C is the subset of Z¢ given by

{@d=(ay,a9,...,aq) : a; € {0,1} forall 1 <i<d and @ # c}.
We will call ¢ the corner position. A corner configuration C is an element of S(X,C).

Definition 3.1. A shift of finite type (X, 04) has corner condition n if for each corner
configuration, there are at least n allowable choices for the corner position.

Note that in the case of d = 1, the set of corner configurations is the set of symbols in
the alphabet A, and the corner condition implies that each symbol has at least n allowable
followers.

If a shift of finite type has corner condition n, then it factors onto the full n-shift. This
fact was shown to us by Paul Trow:

Theorem 3.2. [T] For any d > 1, if a shift of finite type (X,04) has corner condition n,
then (X, 04) factors onto (X[‘fl],ad).

Proof. Each corner configuration C has at least n choices for the corner position ¢; partition
these choices into n non-empty sets Cy, Ca, ...,C,. We can define a map
o S(X,B;) = {1,2,3,...,n}
via ®(zp,) =1 if and only if x5 € C; for corner configuration C given by z¢_z. The map @
determines a block map ¢ : X — X [‘fl]. We need to show that ¢ is an onto mapping.
Let y be any point in X[‘fl] and £ € N. We will show that there is a point x € X with

#(z)B, = yB,- A standard compactness argument then implies that ¢ is onto.
To construct z, start with an arbitrary T € X and consider Tp where D is

D= U {(i1,-++ ,iq) : i; = —k — 1 and for all other n ,—k —1 <4, <k +1}.
1<j<d
(For d = 1, D is the position just to the left of By. For d = 2, D is the left and bottom
border of By, and so on.)

Now consider the corner configuration C found at the translated corner C' — (k + 1)c.
There are at least n allowable choices for the symbol in the translated corner position —kc;
if y _rz = 1, choose a symbol from C; to put in position —ké. Continue in this way for all
translated corner positions in Bj giving an allowable configuration in X. Extend this to
give the desired z € X. 0

In one dimension, the corner condition is one of several equivalent properties of an irre-
ducible shift of finite type:

Theorem 3.3. ([LM], Theorem 5.5.6) If (X,01) is an irreducible one dimensional shift of
finite type, then the following are equivalent:

(1) A subshift of (X,01) is conjugate to a one dimensional shift of finite type (Y, o01)

which has corner condition n,
(2) (X, 01) maps onto the full shift,
(3) h(X) > logn.
For higher dimensional shifts of finite type, (1) implies (2) which implies (3), but it is

unknown whether the converse of these statements holds.

In the next section, we will see that with a mixing assumption, a shift of finite type with
sufficient entropy is finitely equivalent to a shift of finite type that maps onto the full shift.
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4. HIGHER POWERS AND FACTORING ONTO THE FULL SHIFT

In this section we will first define a mixing condition called corner gluing. Theorem 4.2
will show that if (X, 04) is corner gluing and h(X) > logn, then for sufficiently large M
the M higher power of (X, 04) has corner condition n *. This will allow us to prove our
main result, Corollary 4.4, which states that if (X,o0,4) is corner gluing and h(X) > logn,
then (X,0,4) is the finite-to-one factor of a shift of finite type that factors onto the full
d-dimensional n-shift.

We first define the mixing condition which we call the corner gluing property.

Definition 4.1. A shift of finite type (X, 04) is corner gluing if there exists | > 0 such that
given any two finite subsets By, Ey € 7% as defined below (and as illustrated in Figure 1 for
d = 2) and allowable configurations Ry and Ro on these subsets, then there exists a point
z € X with xg, = R1 and zg, = Ro.

l E,

Figure 1.
Ey = Dy +1¢ for some keN and E, = (DIE’ — (K —k— lé)) \D(EHEj for some k' € N
with k) > k; +1 for 1 <i<d.

In one dimension, the corner gluing property is equivalent to topological mixing. In
higher dimensions, the corner gluing property is stronger than topological mixing but is
implied by strong irreducibility, the uniform filling property or the square filling, mixing
property.

The corner gluing property implies that a corner filling condition is equivalent to an
entropy condition.

Theorem 4.2. Suppose that (X, 04) is corner gluing with constant ! > 0. Then h(X) > logn
if and only if given ¢ > 0, for sufficiently large M, the higher power (XM o) of (X, 04)
has corner condition n™"+¢.
Proof. If (X, 04) has a higher power (X, o) with corner condition nMd+C, it is an easy
exercise to check that h(X) > logn.

We next suppose that h(X) > logn. Choose any ¢ > 0. Since

1

it is clear that

. 1

Thus we can choose m large enough so that

— log|S(X,D,, log 7,
(m+l)d+cog|(, )| > logn
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and |S(X, D,,)|, the number of configurations occurring in X on D,,, is strictly greater
than n(m+)?+c.

Let M = m + 1. Let C be any corner configuration in X™. So C = zp for some z € X
where F' = UgecDyr + MY. We must show that there are at least nM+e choices for
the configuration occurring on Dy + M We can put any of the more than n(m+)*+e
configurations from S(X, D,,) in positions D,, + (M + )¢ and extend via the corner gluing
property to obtain an allowable configuration on F'U (D + M¢c). Thus there are at least

d . .y .
nM“+¢ choices for the corner position of C, as desired. O

We point out that entropy greater than logn is necessary. If h(X) = logn, it may be

the case that higher powers (X, c}") do not have corner condition nM? for any M. For
example, consider (X, 01) given by the adjacency matrix

01100
10010
A=]1 00 0 1 1
01101
10000

It is easily verified that A® consists of positive entries, and thus (X, o7) is corner gluing.
Also the Perron Frobenius eigenvalue for A is A = 2, and thus h(X) = log2. However
(XM M) does not have corner condition 2 for any M € N since any M block ending in
5 will have fewer than 2™ followers. To see this, it is easily verified by induction that the
value for AM (5, 4) is less than 3 -2~ for all M > 4 and 1 < j < 5, and thus

5
D AM(5,5) <5 (3-2M) < 2M,
j=1

When a higher power (XM, o)) satisfies corner condition nM”, then (X, 04) is finitely
equivalent to a shift of finite type that maps onto the full shift as we will show in the next
theorem:

Theorem 4.3. If (X,04) has a higher power (XM, o)) with corner condition nM* then
(1) (XM, oM factors onto (X[‘fl]M,a(]iV[), i
(2) (X, 04) is the finite-to-one factor of a shift of finite type (X,o4) which maps onto
(den]a Ud) .

Proof. Claim (1) is an immediate corollary of Theorem 3.2 since (X[‘fl }M,U(Jiv[ ) is conjugate

to (XZMd ) Ud)'

We turn our attention to Claim (2). Notice that the corner condition on (XM, o))
implies that A(X) > logn and thus, for d = 1, Claim (2) holds via Theorem 3.3. We will
restrict our attention to the case of d = 2; the argument for higher dimensions is similar.
Let A denote the symbols occurring in elements of X and let the horizontal and vertical
adjacency rules be given by matrices A, and A, respectively. We define a new symbol set
by adding sub- and super-scripted symbols from A as follows:

A=AU{s;, ' sc: s€ A 1<i<M-—1}.

We will think of arrays in X as arrays in X with an overlaid M? grid given by the scripted
symbols. The sub-scripted symbols give horizontal grid lines, the super-scripted symbols
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give vertical grid lines and the symbols s, occur at the intersection of horizontal and vertical
grid lines. We define adjacency matrices A, and A, accordingly:

(1) Ap(s, 1Y), Ap(s',t) and Ay (s,t) equal one if and only if Ap(s,t) =1,
(2) For 1 <i < M —2, Ap(s;,ti11) equals one if and only if Aj(s,t) =1,
(3) Ap(se,t1), and Ap(spr_1,te) equal one if and only if Ap(s,t) =1,

(4) Ay(s,t;), Ay(s;,t) and A,(s,t) equal one if and only if A,(s,t) = 1,
(5) For 1 <i < M —2, Ay(s’,t"t1) equals one if and only if A,(s,t) =1,
(6) Ay(se,tt) and A, (sM~1 ¢,) equal one if and only if A,(s,t) = 1.

Any adjacencies not mentioned above are not allowed. Let (X, 09) denote the shift of finite
type defined with adjacency rules A, and A, on symbols A.

Let ¢ : X — X be the factor map defined by the block map ® : A — A which drops the
subscripts. Clearly ¢ is M?-to-one since for each array = € X, there are exactly M? ways
to overlay the M? grid given by the sub- and super-scripted symbols.

We next need to show that X factors onto Xpp). We will need to construct a map

P X — Xn)- To do this, first order the nM? configurations occurring in S(X,), D)
lexicographically and denote them Fy, Fo, ..., F 2. Intuitively, because the sub- and
super-scripted symbols divide arrays in X into M? blocks, we will be able to define v by
mapping the i M? blocks in z € X to F;. In what follows, we formalize this idea.

Let D = {(0,a2)} U{(a1,0)} where 0 < a;,as < M, and consider the subset of S(X, D)
consisting of configurations of the form illustrated below in Figure 2. (Note that each s can
be any of the symbols in A which satisfy the adjacency rules. For simplicity, we do not
indicate that in our notation.)

Sc 81528 —15¢

Figure 2.
We may view D as a subset of

(Dar U (Das + (M. 0) U (Day + (0, M) ) = (M = 1)z

Thus, because (XM, 02!) has corner condition n? 2, given a configuration C as in Figure 2,
there are at least n™” choices satisfying the defining adjacency rules for extending C to an
allowable (M + 1)? configuration in S(X, D(pr41))- Any configuration used to extend C in
this way will have the form illustrated in Figure 3; we’ll refer to such a set as a follower of
C. (Again note that our notation does not indicate that each s can be any of the symbols

in A.)
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Figure 3.
For each configuration C of the form shown in Figure 2, partition the choices for the
followers of C into n™” sets denoted C1, Coy ooy C oo

We are now ready to define 1) : X — KX)o Let z € X. For each @ € Z? there exists
unique 7, W € Z? so that x5 = s, for some s € A, 1 < wy,wy < M, and @ = ¢+ . That is,
Tp4y is a configuration of the type shown in Figure 2 and zp,, 4 (4, +1,0,41) is @ configuration
of the type shown in Figure 3. For zp5 =C, Tp,, (v, +1,0.+1) € Ci for some 1 <1 < nM?*,
Define 1(x)z = j where j is the symbol in the w' position of F;.

Clearly 9(z) € X ) for each z € X. We need only show that ¢ is onto. Our argument is
similar to the one used in Theorem 3.2. Let y be any point in X|,;. We will show that there
is a point z € X with Y(Z) Dy = YDy A standard compactness argument then implies
that ¢ is onto.

To construct z, let E = {(—1,a2) } U{(a1,—1) } where —1 < ay,a92 < kM — 1. Choose
7 € X so that Zx has the form shown in Figure 4. (As usual, our notation does not indicate
that each s can be any of the symbols from 4.) We will extend the configuration on Zg to
obtain the desired z € X with ¥(z)p,,, = YD,y -

S€8189...8M—1S¢ +-- 8189...S8SM—1S¢
Figure 4.

Now consider the corner configuration C of the type shown in Figure 2 in the lower left
corner of Figure 4. There are at least n™ * allowable choices of the type shown in Figure 3
for the configuration appearing in the locations determined by Dys. If yp,, = F;, the ith
configuration from S(Xj,, D) in lexicographic ordering, choose a configuration from C; for
the locations determined by Dj;. Continue in this way for all translates Dy + Mv C Dy,
v € N2, giving an admissible configuration in X. Extend this to give the desired z € X.

O

Corollary 4.4. Suppose that (X, 04) is corner gluing and h(X) > log(n). Then (X, 04) is
the finite-to-one factor of a shift of finite type that maps onto the full shift.
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5. EXAMPLES AND ENTROPY

We conclude with several examples which illustrate a variety of open questions. First
note that when determining if a system (X, 04) can factor onto (X}, 04), it is necessary to
have h(X) > logn. Calculating entropy for higher dimensional shifts of finite type is itself
a difficult problem, so before we begin our examples we will indicate the methods we used
to obtain our entropy estimates.

In [MP] the authors provide a method for obtaining entropy estimates for the class
of shifts of finite type for which A, AT + AT Aj, and Ay A, + A, Ay where £ indicates
the two matrices have non-zero entries in the same places. This requirement is not overly
restrictive; it ensures that admissible rectangular blocks and admissible L-shaped blocks can
be extended to arrays in the shift of finite type, thus avoiding some of the undecidability
issues mentioned earlier. We will refer to a shift of finite type with these properties as a
Markley-Paul shift of finite type.

Theorem 5.1. [MP] Let (X, 09) be a Markley-Paul shift of finite type. Then for any k > 1

h(Xk)

r(x) < "6

where (X, 01) is the one dimensional shift of finite type consisting of horizontal sequences
of height k occurring in (X, 09).
If A, is symmetric then also

h(Xe) — h(X)
——TT Sk,

In the case that (X, o9) is corner gluing, there is an alternate lower bound on entropy
which does not require symmetry:

Theorem 5.2. If (X,09) is a corner gluing (with constant | > 0), Markley-Paul shift of
finite type, then for all k > 1

h(X}) h(X})
< < .
E+1 — h(X) - k
h(Xk)

Proof. The inequality h(X) < =7* follows from the previous theorem. We need only verify

that 2%) < p(X).

(Xg,01) is the one dimensional shift of finite type consisting of horizontal sequences of
height k occurring in (X, 02). Thus |S(Xg, Dpy(r4q)| is the number of configurations that
can appear on a subset of Z? of length m(k+1) and height k. Given two such configurations,
S1 and S, from (X}, Dy, (x41)), one can use the corner gluing property to find an allowable
configuration on a m(k +1) x 2(k + 1) subset of Z2 Continuing in this way we can find an
allowable configuration on a m(k + 1) x m(k + 1) subset of Z?; this larger configuration has
m configurations from S(Xg, Dy, x41)) stacked on top of each other, with the gap of width
l between each of them filled in an allowable way. Thus we get

1S(X; D40 2 18 (X, Do) ™
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and
. 1
hMX) = Tr}gnoomlogW(XaDm(kH)ﬂ
. 1 m
> lim (CICEDE log [S(Xk, D (k41|
m 1
= lim —— Iim —1 X, D
(ol ) (o, ey e 505 D)
1
= w3
[l
Example 5.3.

Consider the two dimensional shift of finite type given by the following adjacency matri-
ces:

1111 111 1
1111 101 0
Av=11111 A”_1001
1 010 1 000

This example illustrates that the corner condition is not necessary for factoring onto
the full shift. This example does not have corner condition two and yet a subshift of this
example is conjugate to a shift of finite type with corner condition two. It is unknown
whether such a subshift exists (as it does in one dimension) for all shifts of finite type with
sufficient entropy.

It is easily verified that this example is a Markley-Paul shift of finite type. This example
has a “safe symbol”, the symbol 1, so it is corner gluing with | = 1. Using Theorem 5.2, a
computer, and k = 3, we obtain .6968 < h(X) < .8711. Thus h(X) > log2.

To check whether this example satisfies the corner condition for n = 2 we calculate

4 2 2 1
4 2 2 1
T _
Ade =14 2 2 1
2 21 1
Ap AT (a,b) gives the number of allowable symbols for ¢ in configuration “ Z . Although

some corner configurations have as many as four corner choices, not all have at least two
choices so the corner condition is not satisfied.

Nevertheless, this example does factor onto the full two dimensional two shift (X9, o).
Create a map ® on the 1 x 2 blocks occurring in X via by

1

CI’(l):ll, (T )=1gfors#1 and @(z):sfors;él.

s
1
This will extend to a factor map ¢ from (X, o) to the shift of finite type (X, 0) given by
matrices Ay, and A, shown below:

11111 11000
11111 00111
Ay=111111 A, =1 101 0
11111 11001
11010 11000
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The map ¢ is a conjugacy with the “drop the subscripts” map as its inverse. The shift of
finite type (X, o) also does not satisfy corner condition two, but the subspace obtained by
removing symbol 4 does have corner condition two.

O
Example 5.4.

Consider the two dimensional shift of finite type given by the following adjacency matri-
ces:

111 1 111 1
1110 101 0
Ah_1101 A”_1001
1 010 1000

This example is the finite-to-one factor of a shift of finite type that factors onto the full
shift. It is unknown whether the example itself factors onto the full shift.
This example is a Markley-Paul shift of finite type. Using Theorem 5.1, a computer and
k = 3, we obtain .7788 < h(X) < .8178 and h(X) > log2. This example does not satisfy
the corner condition for n = 2. We do not know whether a factor map exists onto (X[g], 02).
However, because it has a safe symbol, it is corner gluing, and so by Theorem 4.2, there
exists M > 1 such that (XM, ol!) satisfies the corner condition for n = 2M ? Then, by
Theorem 4.3, this example is the M?2-to-one factor of a shift of finite type that does map
onto (X[Q}, 09).
O

Example 5.5.

Consider the two dimensional shift of finite type given by the following adjacency matri-
ces:

Ay = A, =

)
O = O =

1
1
0
1

O ==
_ O = =
O = O =
—_ =
O = O =

This example illustrates how little is known in the absence of a mixing condition.

This example is a Markley-Paul shift of finite type. It does not have a free symbol so we
do not know if it is corner gluing. However both matrices are symmetric, so using Theorem
5.1, a computer and k = 3, we obtain .694308 < h(X) < .789945 and h(X) > log2. This
example does not satisfy the corner condition for n = 2. We do not know whether a factor
map exists onto (Xy,02). We do not know whether this example (X, 02) has a higher

power (XM, 0,) satisfying the corner condition for n = 2M°.
O
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